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RECAPTURING H2-FUNCTIONS ON A POLYDISC
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D. J. PATIL

ABSTRACT. Let U2 be the unit polydisc and T2 ies distinguished
boundary. If E C 7?2 is a set of positive measure and the restriction to E
of a function fin HZ(UZ) is given then an algorithm to recapuure f is
developed.

Introduction. Let U be the open unit disc in the complex plane and T its
boundary. Let f be holomorphic in the unit polydisc U% = Ux U; then f(z)=
Sc(n)z"®, z = (21 z )e v? yn=(ng,n, )€Z+. The functnon/xs in H? if and
only if EIc(n)l < o [2, p. 50). The functions f in H* can be identified with the
boundary value functions on the distinguished boundary T? (= T x T) of U? and
these boundary value functions are precisely those f € L%(T?) whose Fourier
coefficients /(nl, n,) are zero if either n, <Oor n, < 0. It is known that if a
nonzero [is in H? then loglf] is in L 1(1?) and hence if f= 0 on a subset E of
T? of positive measure then f is the zero function. It follows that the restriction
to such a set E of a function f in H? determines f uniquely. Following the methods
in [1], we give a constructive algorithm to recapture the function f from its values
on E. The construction is in two steps. From the knowledge of f on E, the first
step obtains f on F x T where F is some subset of T of positive measure. The
second step is the ‘conjugate’ of the first and starting with f on F x T we recover
f on the whole of T x T.

The arrangement of the paper is as follows. After defining the notations, we
prove some lemmas leading to Theorem 1 which gives the first step in recapturing
f. We then discuss how the second step is a corollary of the first. This is fol-
lowed by Theorem 2 which makes the algorithm more explicit.

Notations. In the following H? will stand for HZ(TZ). By L? and L™ will
be meant L*(T?)and L®(T?) respectively. The subspace L% (L) will consist
of those fin L% (L™) whose Fourier coefficients vanish in the lower half plane,
thus, L ={fe L% f(nl, n,))=0for all n, < 0}. The orthogonal projection of L?
onto L will be denoted by P. The Toephtz operator T¢ corresponding to
qS € L is defined by T f= P(qS/), fe L% ¥ fe L+, we may consxdet/as an

H2-function on T with values in L2(T): /(01, 6,)= En 20[ (0 e 92. The natural
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extension of this f to U will also be denoted by f; then for z, € U, /(22) =

Zn »0/,0,)25. Suchifunctions { are holomorphic L?(T)-valued functions on U
and the relation f(r, e 2y {6,,0,)as r, — 1 holds for a.e. pointwise con-
vergence and also for mean convergence [3, p. 186]. Thus the functions f(6,, 6,
and /(zz) above determine each other. The (normalized) Haar measures on T and
T? will be denoted by m, and m, respectively, and when there is no risk of con-
fusion dm, (0,) will be shortened to df), etc. For z€ U, O € T, let K(z, 6) =

€ + 2)/(e?® - z) and P = Re K.

Lemma 1. Let EC T?, m,(E)> 0. For A>0and (z,, z,) € U? define
ey 2) = e {1 Tog (L Nff Py, 0Ky, 0,) 0, o).

Then we bhave the following:

(@) Forall (z;,2,) € U, 1< |t\(=z;, 2,)| < V(L + Q).

(b) There exists a set A C T withm (A)=1 such that for every 0, €A and
for every z, € U, the limit

. i61
,0,, z,) = 'ht-l.ll t)(riel, zz)

exists and for each 0, € A, the function tx(el, *) is bolomorpbic in U.
(c) For each 01 € A, the limit

. i0\

exists for almost all 0, in T, and hence t 20,5 0,) is defined almost everywhere
in T? and is in LY.

@) For almost all (0, 6,) in T?,

Proof. (a) holds since |t,(z,, 2,)| is the exponential of the Poisson integral

of % log(l +A)yxg-
() For z, € U and (91 € T, letting

we see that I.‘B(Ol, 22)‘ <2/1- Izzl), for all 01 € T and hence by Fatou’s theo-
rem the integral

f];:P(rleial, 01\1((22, 02) dg, 49, = fTP(rleml, ol)fB(Olzz)del

_converges to 3(0.1, zz) a.e. (al) as 7, — 1. Therefore
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i6
) tx(rlel 1 z,) — exp{}4 log(1 + NB(6,, z,)}
a.e. (01 ). The set of measure 1 where this convergence takes place depends on
z,. To see that there is a set A of measure 1 such that for all 0l € A and for

all z, € U, (1) holds it suffices to observe that for a fixed a,, the family
{F, : 0<r <1} where
1 .

Ffl(zz) = fTP(fleial, 00%(019 zz)doly

is equicontinuous on compact subsets of U. A standard argument such as the
one in the proof of (5.16) in [5, p. 327] now proves the existence of the set A.

(c) For each 0, € A, £,(0,, +) is a bounded holomorphic function on U and
hence by Fatou’s theorem ¢, (6,, rzel 2) has a limit—say NG 02 )-as r,—1,
a.e. (6,). Since tx(el, 02) is a repeated limit of continuous functions, its domain
A is a measurable set in T? and since almost every 6,-section of A has measure
1, we must have that ”'z(A) =1.

(d) We have for almost every (6, 02) € T?,

, i,
2,6, 6,)1% = rlzx-.ml exp {log(l +A) foE(ol. a,)P(re 2 az)daz}

= expllog (1 + Ny (6,, 0,1 =1 + Axg(6,, 6,).

Lemma 2. Let EC Tz, mz(E )> 0. Let S be the Toeplitz operator on Li
corresponding to the characteristic function Xg of the set E. If t) is as in
-1
Lemma 1 and s) = 1/t,, then (I +AS)= T"lex’ A+AS)" ' = T‘xT§x°

Proof. We observe that s\ € LY. The rest of the proof is similar to those of
Lemmas 1, 2 in [1].

in
Lemma 3. Let s(6,,0,)~ En zosn(OI)em 2 be in LY and let s, 2,) =
2, 505,(0,)23, 0, € T, z, € U. Define for (8,,0,)€ T? and z € U,

n20"n
. TR
ei0,,0,)=(1 - ze' )1, =12
Then for zy,2, €U, eill) eg) is in H? (and so in Li) and
2
1),(2 1)p(2
Ts(ef‘l)e;z)) 0,,6,)=50,,2,) (e(zl)egz)) 6,,6,).
Proof. The equality follows by checking that the inner products of both sides

with exp(im,0, + im,0,), are the same for every integer m; and every nonnega-

tive integer m,.
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Lemma 4. Let E C T? with mz(E)> 0. Let for each 01 €T, E(01)=
{02 €T:(6,,0,)¢ E} and let, for each 8 > 0, F(6) = {01 € T:ml(E(Ol))>8}.
Then there exist ’o‘l >0, 82 > 0 such that ml(F(Sz)) > 81.

Proof. Obsetve that as n —s oo,
St yuy EO N0, 1 [ (O ), = m(ED,
and hence, if 0< 81 < "’z(E ), there exists N such that

8 < F(I/N)ml(E(Ol))del < ml(F(l/N)).

Now take 82 =1/N.

Theorem 1. Let E C T, m,(E)> 0. Choose 81, 82 as in Lemma 4 and
denote F(0,) by F. Let M be the operator defined by

M6, 0,) = x6,)/(6,,8,), [eL2, (9,,0,) €T

Suppose that S is as in Lemma 2. Then for every [ € H?,
lim AM(I + AS)~ 1Sf = Mf.
A= 00

Proof. Since M(I—A(I+AS)™!S)= M(I+AS)™?, and the set {eill )efz)‘
z,,2,€ U} is fundamental in Hz, the theorem will be proved if the following
are verified: (i) supxllM(I+)\S)"1|| < e,and (i) for all z,, z, € U,
MU +28)"1e{el?) — 0,25 X — o,

1 “2

By Lemma 1a), |s,(6;»6,)| <1, a.e. and therefore || T;xll = “Ts,‘“ <
Is)llee < 1. Also trivially, [[M] <1 and hence in view of Lemma 2, [|M(I + AS)'lll =
||MTS*T;"|| < 1. This proves (i).

To check (ii), note that for 01 € F, using the notation in the proof of Lemma

1),

l!

1-|z
|2I8

E(al)

and hence for almost all 01 €F,
Isx0, z)| <@+ NP, z,€U

where p=0,(1 - |22|)/2(1 + |22|)> 0. Now using Lemma 3, we have

MU+ A5 e 0, 0,)= x£(0,)5,(01, 015,03, 2, )eDelDNO;, 6,),
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and hence
|M( + AS)- l(eg}l)e(zzz))ll2 <1 +A)? "ef.,ll)e(zzz) Il,-

This last expression tends to zero as A — oo and (ii) is verified.

Discussion. The limit relation AM(I + AS )’IS/ — Mf of Theorem 1 provides
the first step in recapturing f from its values on E. The knowledge of f on E
yields Sf and (I + AS )~1 is obtained in terms of s which depends only on the
set E. Thus AM(I + AS)~ 1S/ can be computed and the limit as A — oo gives M,
i.e. values of f on F x T. The second step of going from Fx T to T x T now
follows easily. We proceed basically as in the first step, but we interchange the
roles of the 6,-and 0,-coordinates and employ the appropriate substitute for Li.
The original set E is now replaced by E' = F x T. Recalling the relationship
that F bears to E (Lemma 4), we see that the set F' which corresponds in a
similar way (but with 6,, 62 interchanged) to E’ can be chosen to be T itself!
Thus a theorem such as Theorem 1 with suitable changes will lead us to f on
Tx F'=T x T. This is the sought-for second step, and the algorithm for recap-
turing { is complete.

The above algorithm recaptures the boundary values of f from its values on
E. It is sometimes convenient to have a formula which gives the values of
inside U? directly. In the following theorem such a formula is obtained.

Theorem 2. Let the bypotheses and the notations be as in Theorem 1.
@) If for A>0and z;,2, € U,

/(w,w)sx(w,w)s (w,z)x (w)
Iy 2)) = @ ,)sz l 1 ; a

d ,
l‘zl)(wz"zz) w1,

then as A — o, f, converges in H? to some ¢ and a fortiori uniformly on compact
subsets of vl.
®) If for A>0and z €U,

hy(z,) = exp {— Ylog(l + A)fFK(zl, el)del},

and ¢ is as in (@) above then for each (zl, zz) € U2,

w,, z ) (w )dw
/(zl,z)—hm lmlbz) ¢(l 22! l,

00 7l 2mi < w) -z,

where c, is the circle |w,|=rand |z | <7< 1.

Proof. (a) By Theorem l; we have that as A — oo, AM(I + AS)™ lS/ — Mf.
Taking the inner product with e;ll)efz ), 2,2, €U, we get
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)] MM + AS)= 15/, el ll)egzz)) — (Mf, egl)egz;)_

We will prove that the first member of (2) equals f,(z,, z,) and hence if the
second member of (2) is denoted by ¢(z,, z,) the proof of (a) will be complete.

Since M is the multiplication by x(6,), a function of 6, only, M commutes
with § and therefore with (I +AS)~!. Thus

MU + AS)~ s/, ef,‘l)egzz)) = (SMf, (I + AS)~ le(z‘l’eg‘,"’z’) = (Mf, (I + AS)- 1e(z‘l)e(zzz)) g

Using Lemmas 2 and 3 to write the expressions for (I + )\S)'leg’ef), we see
1 2

that the left member of (2) is in fact f)(z;, 2,).
(b) From the proof in (a), we see that ¢(zl, 2) Mf, e (l) (2 )) and hence

flw,, w,)
_ 1 1 %2
e zz)_wﬂ’:’“ (w, - z)(w, -2 )dwldwz.

Let us now define L to be the subspace {feL%: [(m, n)= 0 for all m < 0!,

the orthogonal projection of L? onto L2 S the Toephtz operator on L2 corre-
sponding to the function X ., where E'=FxT,i.e. S(/) = P(xE,/), f€ L-,
and 0, b, to be

oz, z,)= exp{— % log(1 + )O_U;,K(Ol, z,)P(0,, z,)df, doz},
bx(zl) = exp{- 14 log(1 + )t)fFK(Gl, zl)de,},

where A > 0 and 212 Z, € U. Then for all z,,z, €U, "A(zp 2) b (z ) and

as in Theorem 1 we will get, for every f € H? )\M(l+ AS )" l.S'/' d M/ A — ),
where M is the multiplication by xp:(6,), F' corresponding to E' according to

Lemma 4 but with roles of 01, 0. reversed. Howevet, since E'= Fx T, we can

take F'=T and so for f € H?, (I + AS)'IS/ — f. I, in this last relation, we

(l) (2)

take the inner product with e, , then as A — oo,
%

3) O+ ASH- 157, eDeD) =, eDe) = [(z, z).

Now noting that 'l\"(x p1/) = &, we see that

S)-157 e(1e(2)) _ (57 T)-1,(1),(2
@1+ A8)" 154, ezlezz) = (87, (1 + AS) e(zle(zz))

= (¢, bxegll)egzz))bx(z -
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~
In the last step we used results similar to Lemmas 2 and 3 for (I +AS )"1. From
(3) it now follows that as A — o,

A(¢9 bke(zll)e(zzz))bl(zl) - /(Zl, 22).

It is easy to see that (¢, b)‘e;ll)eg‘;)) equals the inner product in Hz(Ul) of
é(, z,) with b Ae;ll). The proof is finished by observing that if u, v € H*(uY)
and ur(eie) = u(re’6) and v, is similarly defined then the product (z, v e;l ) is
the limit as r — 1 of

1 u(w)o (w)

27iYr w-2z

dw.

Remarks. (1) An alternative proof of a part of the one-variable theorem
(Theorem I of [1] as regards the convergence on compact sets) has been suggested
by Wainger (see Appendix B of [4]). This proof depends on the following state-
ment which is true if n = 1: To each nonnegative function ¢ € L®(T™") there is
f € H®(U™) such that |f| =¢ a.e. The statement is false for n>1 [2, p. 54ffl.
Moreover for » > 1 even when such a function f exists an explicit formula for f -
does not seem to be known. It would thus appear that a proof on the lines sug-
gested by Wainger is not possible for » > 1 and that recourse to the techniques
such as the ones used in the present work is necessary.

(2) The Theorem 1 above can easily be generalized to functions in Hz(T")
with » > 2. The algorithm to recapture the function takes n steps and the general-
ization does not need any new ideas.
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